Abstract. Given a Tychonoff space X, let ̺(X) be the set of remote points of X. We view ̺(X) as a topological space. In this paper we assume that X is metrizable and ask for conditions on Y so that ̺(X) is homeomorphic to ̺(Y ). This question has been studied before by R. G. Woods and C. Gates. We give some results of the following type: if X has topological property P and ̺(X) is homeomorphic to ̺(Y ), then Y also has P. We also characterize the remote points of the rationals and irrationals up to some restrictions. Further, we show that ̺(X) and ̺(Y ) have open dense homeomorphic subspaces if X and Y are both nowhere locally compact, completely metrizable and share the same cellular type, a cardinal invariant we define.
Introduction
Given a Tychonoff space X, let βX denote theČech-Stone compactification of X and X * = βX − X. A point p ∈ X * is called a remote point provided p / ∈ cl βX (A) for each nowhere dense subset A of X. Following van Douwen [3] , we will denote the set of remote points of X by ̺(X). In some informal sense, points of X * are "infinite points" of X and points in ̺(X) are "more infinite than [all] others" ([3,
1.3]).
The major problem concerning remote points is perhaps their existence. However, in this paper we would like to address another problem that has been forgotten for some years. Our main problem is, in general terms, the following ( * ) Given a Tychonoff space X, find all Y such that ̺(X) is homeomorphic to ̺(Y ).
Notice that problems of type ( * ) can be formulated every time we can construct a space in terms of some other in a topological way; examples of this are compactifications, rings of continuous functions, hyperspaces, absolutes, etcetera. Problem ( * ) has its origin in a paper of R. G. Woods [16] where the following is stated. (Recall crowded means "with no isolated points".)
1.1. Theorem [16] Let X be a non-compact, locally compact and crowded metrizable space of weight κ. Then ̺(X) is homeomorphic to ̺(κ × ω 2).
As noted by C. Gates in [6] , the proof given in [16] depends on CH but can be easily modified (in particular, using Proposition 2.2 below) to give a proof in ZFC. We also have the following results by Gates and van Douwen. [6, Corollary 5.8 ] Let X be a non-compact, separable and crowded metrizable space whose set of non-locally compact points is compact. Then ̺(X) is homeomorphic to ω × ̺(ω × ω 2).
Theorem

Theorem [3, Theorem 16.2] ̺(Q)
and ̺( ω ω) are not homeomorphic because ̺(Q) is a Baire space and ̺( ω ω) is meager.
However, Theorems 1.1, 1.2 and 1.3 are the only known results concerning ( * ). In this paper, we study the following refinement of ( * ).
Question
Let X be a metrizable non-compact space. Find some simple or known topological property P such that if Y is metrizable then Y has P if and only if ̺(X) is homeomorphic to ̺(Y ).
The reason we restrict X to be metrizable is because we already know that we have a rich collection of remote points (Proposition 2.1). This will allow us to transfer some properties of X to ̺(X). However, by Proposition 3.1, we may also consider paracompact M -spaces, see Section 3.
In Section 2 we will give a summary of the known results that will help us attack Question 1.4. Section 3 talks about some aspects relating paracompact M -spaces to metrizable spaces in this context. Sections 4, 5, 6 are the main body of the paper where our results on some classes of spaces are proved.
Some of our results are of the following type: if X has topological property P and ̺(X) is homeomorphic to ̺(Y ), then Y also has P. In particular we study properties such as dimension, local compactness, topological completeness and σ-compactness. For the other implication, our main results are perhaps Theorem 5.4 and Corollary 6.4 that characterize remote points of the irrationals and rationals up to some restrictions. However the main question that remains unanswered in this paper is the following.
Question Find all metrizable
See Questions 5.6 and 6.10 for reformulations of Question 1.5. In Section 5 we also give a classification of nowhere locally compact, completely metrizable spaces by a sort of cardinal invariant we call cellular type. It turns out that cellular type almost characterizes remote points for this class of spaces, see Corollary 5.13 and Example 5.15.
Existing Tools
Undefined notions can be found in [5] . Everything else will be defined as soon as it is necessary.
A useful basis for the topology of βX is the one formed by the sets of the form Ex(U ) = βX − cl βX (X − U ) where U ⊂ X is open [3, Section 3] . It is easy to prove that Ex(U ) ∩ X = U and cl βX (U ) = cl βX (Ex(U )). Recall theČech-Stone compactification behaves functorially: every continuous function between Tychonoff spaces f : X → Y extends to a continuous function βf : βX → βY .
Let us begin by recalling where we can find remote points in metrizable spaces:
2.1. Proposition Let X be a metrizable, non-compact space. Then,
Proof. Condition (a) has been observed before in [12] but for the sake of completeness we sketch a proof here. Consider a basic open subset Ex(U ) of βX that intersects X * . Since cl X (U ) is not compact and X is metrizable, there exists a closed discrete infinite subset {x n : n < ω} ⊂ cl X (U ). We can also assume that {x n : n < ω} ⊂ U . Now, X is normal so there exists a continuous function
and f (x n ) = n for each n < ω. Then it is easy to see that βf ← [R * ] is a non-empty set of type G δ contained in Ex(U ) ∩ X * . The proof of (b) is implicit in [2] and explicit in [3] for the separable case. Clearly (c) follows from (a) and (b).
A function between topological spaces f : X → Y is called irreducible if it is closed 1 and every time C is a closed subset of X, then f [C] = Y if and only if C = X (so in particular it is onto). A space is extremally disconnected if the closure of every open set is also open. Recall that for every regular space X there exists a pair (EX, k x ) where EX is an extremally disconnected regular space and k x : EX → X is a perfect and irreducible continuous function (see [14, Chapter 6] ). It can be proved that EX is unique up to homeomorphism (in the sense of [14, Theorem 6.7(a)]). The pair (EX, k x ) is called the absolute (or projective cover ) of X. Two regular spaces X and Y are called coabsolute if EX is homeomorphic to EY . The following results concerning the absolute are relevant to us. The first one is an immediate consequence of the uniqueness of the absolute. We state two more technical results we will use.
Proposition
2.5. Lemma Let X be a normal space and U ⊂ X be open and dense in X. Then ̺(X) = ̺(U ).
Proof. Consider the absolute k
is an open and dense subset of EX, thus, it is extremally disconnected. It is easy to see that 
Proof. Define Z to be the direct sum of Y and cl
Let φ : Z → X be the natural projection to the first coordinate. It is easy to see that φ is a perfect and irreducible continuous function so we may apply Proposition 2.2 to obtain that βφ↾ ̺(Z) : ̺(Z) → ̺(X) is a homeomorphism. Notice that A 0 and A 1 are complementary clopen subsets of Z. Thus, cl βZ (A i ) can be identified with βA i for i ∈ 2 and βA 0 ∩βA 1 = ∅.
From this it is straightforward that ̺(
The result follows from these observations.
Paracompact M -spaces
To make clear how far we can get by considering metrizable spaces only, we quote the following result. Recall that a space X is an M -space if there exists a sequence {C n : n < ω} of covers of X such that (i) if x n ∈ st(x, C n ) for each n < ω, then {x n : n < ω} has a cluster point, (ii) for each n < ω, C n+1 star-refines C n .
3.1. Proposition [13] Let X be a Tychonoff space. Then the following are equivalent (a) X is coabsolute with a metrizable space, (b) there exists a metrizable space that is a perfect and irreducible continuous image of X, (c) X is a paracompact M -space with a σ-locally finite π-base.
Actually, in [13] , (c) says "paracompact p-space" (in the sense of Arkhangel'skiȋ) but this is equivalent to the formulation we have given (see [7] for details).
So according to Propositions 2.2 and 3.1, we will be able to obtain results about remote points of paracompact M -spaces. However, our results will be stated in terms of metrizable spaces only. The main reason for doing this is that for our arguments it is enough to consider metrizable spaces. Moreover, the corresponding results for paracompact M -spaces can be easily obtained by using Proposition 3.1.
3.2.
Remark By Proposition 3.1, it is not hard to prove that in Proposition 5.3, Theorems 5.4 and 6.2 and Corollary 6.4 we can replace "(completely) metrizable" by "(Čech-complete) paracompact M -space with a σ-locally finite π-base".
We will now address another technical matter. Notice that Proposition 2.2 talks about irreducible closed mappings, while talking about coabsolutes we asked that the function be perfect. We now show that there is nothing else we can obtain using Proposition 2.2 inside the class of paracompact M -spaces. Claim:
To prove the Claim, let {x n : n < ω} ⊂ bd X (h ← (p)). Since M is metrizable let {U n : n < ω} be a local open basis of p such that cl M (U n+1 ) ⊂ U n for each n < ω. Let {C n : n < ω} be the sequence of open covers for X given by the definition of an M -space. For each n < ω, let
Then it is easy to see that {h(y n ) : n < ω} is a sequence converging to p. Since h is a closed function, it follows that there exists a cluster point q ∈ h ← (p) of {y n : n < ω}. We construct a strictly increasing function φ : ω → ω with φ(n) ≥ n + 1 for all n < ω as follows: for each n < ω let φ(n) be such that y φ(n) ∈ st(q, C n+1 ). Since y φ(n) ∈ st(x φ(n) , C φ(n) ) and φ(n) ≥ n + 1, by condition (ii) in the definition of an M -space we obtain that x φ(n) ∈ st(q, C n ). Thus, by condition (i) in the definition of an M -space we obtain that {x φ(n) : n < ω} has a cluster point. Such cluster point must be in bd X (h ← (p)) so the Claim follows. Now, by the Claim and the fact that X is paracompact we have that bd
is a singleton. Thus, h is perfect and so is f .
Dimension and Local Compactness
We start by showing that it is enough to consider strongly 0-dimensional spaces. Recall that a Tychonoff space is strongly 0-dimensional if every two disjoint zero subsets can be separated by a clopen subset.
Proposition
Each metrizable space is coabsolute with a strongly 0-dimensional metrizable space.
Proof. Let X be a metrizable space. By a result of Morita ([11] , see [5, 4.4 .J]) there is some infinite cardinal κ, a space Z ⊂ ω κ and a perfect continuous surjection g : Z → X. Using the Kuratowski-Zorn Lemma it is easy to find a closed subset Y ⊂ Z minimal with the property that Thus, to study the remote points of a metrizable space X it is enough to assume that X is strongly 0-dimensional by Propositions 2.2 and 4.1.
The next step is to see that local compacteness is distinguished by remote points. For any space X, let LX be the points where X is locally compact and N X = X − cl X (LX). Gates [6] has already noticed the following Corollary of Proposition 2.6.
Lemma
Now we must find a topological way to distinguish between ̺(cl X (LX)) and ̺(cl X (N X)). A point p in a space X is called a κ-point of X, where κ is a cardinal, if there is a collection S of pairwise disjoint open subsets of X such that |S| ≥ κ and p ∈ cl X (U ) for each U ∈ S. If p is not a 2-point of X it is said that X is extremally disconnected at p. Notice that a space is extremally disconnected if and only if it is extremally disconnected at each of its points.
Proposition [4, Theorem 5.2] If
X is a realcompact, locally compact and non-compact Tychonoff space, then each point of X * is a c-point of X * .
The following lemma is folklore. is not compact, we may find a closed discrete infinite set {y n : n < ω} ⊂ U , just as in the proof of (a) in Proposition 2.1. For each n < ω, let U n be an open subset of Y such that y n ∈ U n , cl Y (U n ) ⊂ U and cl Y (U n ) is a compact subset of diameter at most Results for LX were mentioned in Theorems 1.1 and 1.2. We will now direct our efforts towards nowhere locally compact spaces (that is, spaces where X = N X). If X is nowhere locally compact (and metrizable) and ̺(X) is homeomorphic to ̺(Y ) then it follows from Corollary 4.6 that cl X (LX) is compact. Since ̺(Y ) = ̺(N Y ) in this case, we may restrict to the case when both X and Y are nowhere locally compact.
Completely Metrizable Spaces
We would like to give a classification of the set of remote points of nowhere locally compact, completely metrizable spaces in the spirit of Theorem 1. Recall that for a space X, c(X) denotes its cellularity. We will say that X is of uniform cellularity (κ) if c(X) = c(U )(= κ) for each non-empty open subset U ⊂ X. We are interested in spaces of uniform cellularity because ω κ is such a space and this property is preserved as the following result shows. If f : X → Y is a function and Proof. We start with (i). That c(X) = c(Y ) is easy to prove. Assume that X is of uniform cellularity and let U ⊂ Y be a non-empty open subset.
Lemma
→ V is an irreducible and continuous function. Thus, we already know that c(V ) = c(f
The rest of the argument for (i) is similar and the proof of (ii) is straightforward.
Proposition
Let X be a metrizable space and κ an infinite cardinal. Then X is coabsolute with ω κ if and only if X is a nowhere locally compact, completely metrizable space of uniform cellularity κ.
Proof. If X is coabsolute with ω κ then the result follows from Lemmas 5.1 and 5.2. Now assume that X has the properties given in the Proposition. By Proposition 4.1 we may assume that X is coabsolute with a strongly 0-dimensional metrizable space. In [1] and [15] it is proved that a completely metrizable, nowhere locally compact, strongly 0-dimensional space such that w(U ) = κ for each non-empty open subset U is homeomorphic to ω κ (see [5, 6.2 
.A and 7.2.G]). The result now follows.
Notice that in Proposition 5.3, nowhere locally compact can be omitted when κ > ω and of uniform cellularity ω simply means being separable.
Theorem
Let X be a nowhere locally compact, completely metrizable space and κ > ω. Then ̺(X) is homeomorphic to ̺( ω κ) if and only if X is of uniform cellularity κ.
Proof. If X is of uniform cellularity κ, use Proposition 5.3. Now, assume that ̺(X) is homeomorphic to ̺( ω κ). Both X and ̺(X) are dense in βX. Also, ̺( ω κ) and ω κ are dense in β( ω κ). By Lemma 5.2 we obtain that X is of uniform cellularity κ.
Wondering if the hypothesis that X is complete is necessary in Theorem 5.4 we observe the following.
Example
For each completely metrizable, realcompact and non-compact space X there exists a Tychonoff space Y that is neitherČech complete nor an M -space such that ̺(X) is homeomorphic to ̺(Y ).
Let D = {x n : n < ω} be a countable closed discrete and infinite subset of X. Let p ∈ cl βX (D) − X and let Y = X ∪ {p} as a subspace of βX. Notice that βX = βY . We now show that Y is notČech-complete and it is not an M -space.
Assume that Y isČech-complete and let {U n : n < ω} be a family of open subsets of βX whose intersection is Y . Thus, {U n ∩ X * : n < ω} witnesses that {p} is a G δ set of X * . But X is realcompact so there exists a subset of type G δ of βX that contains p and misses X. It easily follows that {p} is a G δ set of βX. But this contradicts (b) in Proposition 2.1. Now assume that Y is an M -space, we will reach a contradiction. Let {C n : n < ω} be as in the definition of an M -space. Let d be a metric for X. As in the proof of Proposition 3.3, we consider a strictly increasing φ : ω → ω as follows: let φ(n) be such that x φ(n) ∈ st(p, C n ). For each n < ω, let y n ∈ st(p,
. Then it can be proved that {y n : n < ω} is a closed discrete subset of X. Since X is normal, {y n : n < ω} is also closed in Y . But this contradicts (i) in the definition of an M -space.
Finally, p / ∈ ̺(X) because D is nowhere dense. Thus, ̺(X) = ̺(Y ).
However, since the space in Example 5.5 is not an M -space, we can ask the following more specific question.
Question
Let X and Y be metrizable spaces such that ̺(X) is homeomorphic to ̺(Y ). If X is completely metrizable, must Y be also completely metrizable?
We have obtained a characterization of spaces with remote points homeomorphic to the remote points of some specific completely metrizable spaces in Theorem 5.4. In an effort to classify them all we make the following definition.
Definition
Let X be a space, let S be a set of infinite cardinals and φ a function with domain S such that for each κ ∈ S, φ(κ) is a cardinal ≥ κ. We will say that X has cellular type (S, φ) if there exists a pairwise disjoint family of open subsets B = {V (κ, α) : κ ∈ S, α < φ(κ)} of X whose union is dense in X and such that if κ ∈ S and α < φ(κ) then V (κ, α) is of uniform cellularity κ. In this case we say that B is a witness to the cellular type of X.
Lemma Every crowded metrizable space has a cellular type.
Proof. Let X be a crowded metrizable space. By the Kuratowski-Zorn Lemma, find a maximal pairwise disjoint family U of open, non-empty subsets of X of uniform cellularity. Notice that U is dense, otherwise let V be an open subset of X − cl X ( U) of minimal cellularity; U ∪ {V } contradicts the maximality of U. We define S = {κ : κ is a cardinal and there is U ∈ U such that c(U ) = κ}.
Clearly S is a set of infinite cardinals because X is crowded. For each κ ∈ S let U(κ) = {U ∈ U : c(U ) = κ}.
We may assume that |U(κ)| ≥ κ by the following argument. If the size of this family is smaller than κ, using the fact that the cellularity is attained in metrizable spaces ([8, 8.1(d)]), replace U(κ) by a family of κ pairwise disjoint open subsets of U(κ) that is dense in U(κ). We finally define φ: for each κ ∈ S we let φ(κ) = |U(κ)|. Clearly U witnesses that X has cellular type (S, φ).
Lemma If a Tychonoff space X has cellular types (S, φ) and (T , ψ), then (S, φ) = (T , ψ).
Proof. Let {V (κ, α) : κ ∈ S, α < φ(κ)} witness type (S, φ) and {W (κ, α) : κ ∈ T , α < ψ(κ)} witness type (T , ψ). For each κ ∈ S, V (κ, 0) is a non-empty open subset of X so it must intersect some W (τ, α), with τ ∈ T and α < ψ(τ ). By the definition of uniform cellularity it follows that κ = τ so S ⊂ T . By a similar argument
then it follows that W (λ, γ) does not intersect any element of {V (κ, α) : κ ∈ S, α < φ(κ)}, which contradicts the density of {V (κ, α) : κ ∈ S, α < φ(κ)}. This completes the proof.
So at least metrizable spaces have a cellular type and cellular type is unique. Sometimes cellular type can be transfered from one space to another. For example we have the following easy transfer result.
Lemma
Let X be any space and D a dense subset of X. Then X has cellular type (S, φ) if and only if D has cellular type (S, φ).
In the case of nowhere locally compact, completely metrizable spaces, cellular type can be transfered to the remote points. For this, nice witnesses are needed.
5.11. Lemma Let X be a regular space with cellular type (S, φ). Then there exists a witness family B of the cellular type of X such that any two different members of B have disjoint closures.
Proof. Let {W (κ, α) : κ ∈ S, α < φ(κ)} witness the cellular type of X. For each κ ∈ S and α < φ(κ) let B(κ, α) be a maximal family of open subsets of W (κ, α) whose closures are pairwise disjoint and contained in W (κ, α). Clearly
Clearly {V (κ, α) : κ ∈ S, α < φ(κ)} is the witness we were looking for.
5.12.
Theorem Let X be a nowhere locally compact and completely metrizable space of cellular type (S, φ). Then there exists a family {V (κ, α) : κ ∈ S, α < φ(κ)} consisting of clopen subsets of ̺(X) that witnesses that ̺(X) has cellular type (S, φ) and has the additional property that for each κ ∈ S and α < φ(κ), V (κ, α) is homeomorphic to ̺( ω κ).
Proof. Let {W (κ, α) : κ ∈ S, α < φ(κ)} witness the cellular type of X. By Lemma 5.11, we may assume that every two subsets of this family have disjoint closures. Let D(κ, α) = cl X (W (κ, α)) for each κ ∈ S and α < φ(κ), also define
It easily follows from Proposition 2.6 that V (κ, α) = ̺(D(κ, α)) for each κ ∈ S, α < φ(κ) and B = {V (κ, α) : κ ∈ S, α < φ(κ)} is a pairwise disjoint family of clopen subsets of ̺(X). Since ̺(X) is dense in βX (Proposition 2.1), V (κ, α) = ∅ for each κ ∈ S, α < φ(κ) and B is dense. Finally, fix κ ∈ S and α < φ(κ), we now prove that V (κ, α) is homeomorphic to ̺( ω κ), which will complete the proof. Notice that D(κ, α) is nowhere locally compact, completely metrizable and of uniform cellularity κ. The result now follows from Theorem 5.4. The following is true but maybe not worth proving in detail. We leave it as an exercise to the reader.
Proposition
• Let X and Y be coabsolute Tychonoff spaces. Then X has cellular type (S, φ) if and only if Y has cellular type (S, φ).
• Every paracompact p-space has a cellular type.
So the remaining question is if cellular type completely characterizes remote points of nowhere locally compact and completely metrizable spaces. We end this section showing that this is not the case by means of an example.
Example
There exist two nowhere locally compact and completely metrizable spaces X and Y that have the same cellular type but such that ̺(X) is not homeomorphic to ̺(Y ).
For each n < ω, let X n be homeomorphic to ω ω n such that {X n : n < ω} are pairwise disjoint. Let us define X = ⊕{X n : n < ω}, clearly this is a nowhere locally compact and completely metrizable space. For each n < ω let K n = cl βX (X n ) and let P = βX − {K n : n < ω}.
We now define T as the quotient space of βX obtained by identifying P to a point and let ρ : βX → T be this identification. Let p ∈ T be such that {p} = ρ[P ] and define Y = {p} ∪ ( {X n : n < ω}) as a subspace of T .
Notice X and Y have the same cellular type, simply because X is open and dense in Y .
To see that Y is metrizable, we may use the Bing-Nagata-Smirnov Theorem [5, 4.4.7] , since X is already metrizable it is enough to notice that Y is first-countable at p. Since Y is a G δ in T , Y is completely metrizable.
We claim that Y is C * -embedded in T . Let f : Y → [0, 1] be a continuous function. Let g = f ↾ X , we now prove that βg : βX → [0, 1] is constant restricted to P . Assume this is not the case and let x, y ∈ P be such that βg(x) < βg(y). Let ǫ = Since P is a G δ subset of βX, by Proposition 2.1 we have that ̺(X) ∩ P = ∅. Also notice that
To prove that ̺(X) is not homeomorphic to ̺(Y ) it is enough to notice the following two facts which show different topological properties of points in ̺(X)∩P to those in ̺(Y ).
Statement (a) is clear. For statement (b) let q ∈ ̺(X) ∩ P and U be an open subset of ̺(X) with q ∈ U . Let A ⊂ ω be an infinite set such that U ∩ K n = ∅ for all n ∈ A. For each n ∈ A we may choose a pairwise disjoint family of open sets {V (α, n) : n < ω n } of ̺(X n ) ∩ U . Then {V (α, n) : n < ω, α < ω n } is a collection of ω ω pairwise open sets contained in U . Thus, c(U ) ≥ ω ω .
Meager vs Comeager
In this section we consider separable metrizable spaces. We already know some spaces X with ̺(X) homeomorphic to ̺( ω ω) (Theorem 5.4). We start by considering the problem for Q.
6.1. Lemma Any two remainders of a nowhere locally compact Tychonoff space are coabsolute.
Proof. Let X be nowhere locally compact Tychonoff space. Consider any compactification T of X with remainder Y and let f : βX → T be the continuous extension of the identity function. By [14, 1.8 6.2. Theorem Let X be a metrizable space. Then X is coabsolute with Q if and only if X is nowhere locally compact and σ-compact.
Proof. If X is coabsolute with Q, then X is nowhere locally compact and σ-compact because these properties are preserved under perfect and irreducible continuous functions. Assume now that X is nowhere locally compact and σ-compact. By Proposition 4.1 we may assume that X is strongly 0-dimensional. Since X is σ-compact, it is separable so it can be embedded in ω 2. Moreover X is crowded so the closure of X in ω 2 is also crowded. So we may assume that X is dense in ω 2, let Y = ω 2 − X. But then Y is a separable, nowhere locally compact and completely metrizable 0-dimensional space. Then Y is homeomorphic to ω ω ( [1] ). Notice that ω 2 is a compactification of Y and there is a compactification of ω ω with remainder Q ( ω 2 where Q is taken as the set of eventually constant functions). By Lemma 6.1 we obtain that X is coabsolute with Q.
Another proof of Theorem 6.2 can be given by considering the following result of van Mill and Woods.
6.3. Theorem [10, Theorem 3.1] Let X be a σ-compact, nowhere locally compact metrizable space. Then there exists a perfect and irreducible continuous function f : Q × ω 2 → X.
Corollary
If X is a σ-compact, nowhere locally compact, metrizable space then ̺(X) is homeomorphic to ̺(Q).
Notice we have the following situation: For two specific spaces ω ω and Q we have found non-trivial classes of metrizable spaces that have the same set of remote points as these spaces. Now we want to know if these classes of spaces are the best possible. We were not able to solve this problem but we will prove Proposition 6.8 that is in the spirit of van Douwen's Theorem 1.3.
For a topological space X we consider the Choquet game with two players I and II in ω steps as follows. In step n < ω, first I chooses a non-empty open subset U n of X with U n ⊂ V n−1 if n = 0 and then II chooses a non-empty open subset V n of U n . We say that player II wins if V n = ∅, otherwise player I wins. Call X a Choquet space if player II has a winning strategy in the Choquet game for X. See [9, 8C] 
Since {V n : n < ω} is non-empty, we obtain that {V ′ n : n < ω} is non-empty as well. This shows that II has a winning strategy so X is a Choquet space. We have finished the proof.
Proposition
Let X and Y be two separable, nowhere locally compact metrizable spaces such that ̺(X) is homeomorphic to ̺(Y ). Then (i) X is a Choquet space if and only if Y is a Choquet space, and (ii) X is meager if and only if Y is meager.
Proof. Let K be a metrizable compactification of X and T be a metrizable compactification of Y , and assume that X ⊂ K and Y ⊂ T . Let f : βX → K and g : βY → T continuously extend the identity function. Then f ↾ X * : X * → K − X and g ↾ Y * : Y * → T − Y are easily seen to be irreducible continuous functions. Notice that if we give T and K some metric, these spaces are the completion of X and Y , respectively, with respect to appropriate restrictions of these metrics. Thus, we can use Lemma 6.5.
Let us prove (i). Assume that X is a Choquet space. Then, by Lemma 6.5 X is comeager in K. Thus, K − X is meager. By Lemma 6.6 applied to f ↾ X * , X * is meager. Recall ̺(X) is G δ -dense in X * ((b) in Proposition 2.1) so by Lemma 6.7, ̺(X) is meager. Thus, ̺(Y ) is meager. Therefore, we can again use Lemmas 6.7 and 6.6 to obtain that Y * and T − Y are meager as well. Again, Lemma 6.5 proves that Y is a Choquet space. Using a similar argument it is easy to prove (ii).
One good hope to extend the results given above is to consider the strong Choquet game. This game is similar to the Choquet game, with the exception that I also chooses a point x n ∈ U n and II is required to play so that x n ∈ V n . A strong Choquet space is one in which II has a winning strategy. See the details in [9, 8D] . The important point of this game is that a separable metrizable space is strong Choquet if and only if it is completely metrizable ( [9, 8.17] ). However it is not easy to handle the points x n in the game to produce analogous results to Lemmas 6.6 and 6.7. However, it is possible to prove the following by transfering the strong Choquet game. 6.9. Proposition ̺(Q) is a strong Choquet space.
So the following remains unanswered.
6.10. Question Let X be a metrizable space such that ̺(X) is homeomorphic to ̺(Q). Is X σ-compact?
Now we make some comments about the use of Proposition 6.8. Let X and Y be separable, nowhere locally compact and metrizable. If, for example, X has some open subset that is meager and Y is comeager then we can say that ̺(X) and ̺(Y ) are not homeomorphic using Propositions 2.6 and 6.8. However we are not able to distinguish between, for example, ̺(Q) and ̺( ω ω × Q) or between ̺( ω ω) and ̺( 2 P ∪ 2 Q) where P = R − Q. We also know nothing about non-definable sets (of ω 2). Thus, we finish the paper with the following question. 
